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We explore a new class of Non-linear GUPs (NLGUP) showing the emergence of a new non-
commutative and higher derivatives quantum mechanics. Within it, we introduce the shortest
fundamental scale as a UV fixed point in the NLGUP commutators [X,P ] = i~f(P ), having in
mind a fundamental highest energy threshold related to the Planck scale. We show that this leads
to lose commutativity of space coordinates, that start to be dependent by the angular momenta
of the system. On the other hand, non-linear GUP must lead to a redefinition of the Schro¨dinger
equation to a new non-local integral-differential equation. We also discuss the modification of the
Dyson series in time-dependent perturbative approaches. This may suggest that, in NLGUPs,
non-commutativity and higher derivatives may be intimately interconnected within a unified and
coherent algebra. We also show that Dirac and Klein-Gordon equations are extended with higher
space-derivatives according to the NLGUP. We compute momenta-dependent corrections to the
dispersion velocity, showing that the Lorentz invariance is deformed. We comment on possible
implications in tests of light dispersion relations from Gamma-Ray-Bursts or Blazars, with potential
interests for future experiments such as LHAASO, HAWC and CTA.
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1. INTRODUCTION
The Heisenberg Uncertainty Principle (HUP) is the essence of quantum mechanics. Is it possible to extend it in a
Generalized form, i.e. a Generalized Uncertainty Principle (GUP), compatible with Bohr correspondence principle?
This issue is also interesting from the point of view of quantum gravity, since we know that HUP is one of the main
obstacle towards a consistent quantization of the Einstein geometrodynamical field. A first simple proposal was to add
quadratic powers as a simple non-linear extension of it, i.e. [Xi, Pj ] = i~(1 + β|P |2 + ...) [1], which is also suggested
as first effective corrections from scattering amplitudes in string theory [2–4]. Neverthless, one would imagine that a
full summation on all over perturbative and non-perturbative quantum gravity effects may lead to a non-linear GUP
(NLGUP) beyond quadratic corrections.
In this paper, we wish to explore a class of GUP having, as a peculiarity, a UV momentum pole, as [Xi, Pj ] =
i~f(βP 2) with f → ∞ for |P | → 1/√β. We are particularly attracted by these models since they would imply, that
at a critical UV momenta scale, one would completely lose resolution on the ∆X∆P quantities and, therefore, on the
total angular momenta. This would imply that we may not probe length scales smaller than a critical length since
fluctuations wildly diverge, unitarizing cross-sections with the highest UV energy below the Planck scale. The core
of this proposal is to marry quantum uncertainties with Doubly Special Relativity [5–13]. Within this framework,
the presence of a UV fixed point in the NLGUP commutator of X and P induces a fundamental shortest scale inside
the quantum mechanical structure. In our paper, we will explicitly show that, within such a new algebra extension,
commutativity in the space coordinates is lost close to the critical energy 1/
√
β. We will also show that NLGUP
implies new higher derivative terms appearing in the wave function equation.
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22. NON-LINEAR GUPS
Let us start considering the following class of GUP models, that we may dub a-s-Non-linear-GUPs (asNLGUP).
[Xi, Pj ] =
i~δij
(1− (βP 2)a)s , [Pi, Pj ] = 0 , [Xi, Xj ] =
2i~β
(1− (βP 2)a)2s (PiXj − PjXi), (1)
where β is related to the GUP critical energy scale Λ as β = Λ−2, X,P are position and momenta operators, a, s are
two free parameters. One should easily check that this class of model closes a self-consistence algebra set while having
an UV divergence for |P | = β−1/2, having in mind that √β may be related to the Planck length lPl. This algebra is
consistent with a redefinition of the standard position and momenta operator as follows:
Pi ≡ Pi, Xj → Xj 1
(1− (βP 2)a)s . (2)
Another important remark is that P-X would be conjugate variables in a generalized sense, considering a measure
factor to be included in the Fourier transforms.
The infinitesimal translation operator has a new non-linear form
T = 1− i P · dX
(1− (βP 2)a)s +O(dX
2)→ P = −i~(1− (−~2β∇2)a)s∇ , (3)
where ∇ is with respect to standard X variables of Q.M. Therefore, definitions in Eq. (2) and Eq. (3) are compatible
each others.
This also suggests that angular momenta operators lose of any certainties around the UV fixed energy. Indeed, Eq.
(1) implies a deformation of the standard angular momenta algebra (see Appendix A):
[Li, Lj ] =
i~
(1− (βP 2)a)s (XiPj −XjPi) =
i~
(1− (βP 2)a)s ǫijkLk , (4)
in compatibility with a redefinition of the angular momenta:
Li =
1
(1− (βP 2)a)s ǫijkrjpk . (5)
Substituting Eq. (5) into Eq. (1), we obtain (see Appendix A)
[Xi, Xj ] =
−2i~β
(1− (βP 2)a)sLij . (6)
This implies a first unexpected aspect related to asNLGUP: in order to have a self-consistent algebra, the space-
coordinates have not to commute, and their non-commutativity depends from the angular momenta operator. This
would suggest a series of interesting facts. One would imagine that non-commutativity of space coordinates depends
on the angular momenta state of a certain particle and, therefore, from angular momenta measures. A measure of
the angular moment on z-axis would induce a non-commutativity of X and Y coordinates, a measure on x-axis would
induce it on Z,Y axis and so on.
In the special case a = s = 1, it is worth to note that Eq. (5) can be rewritten in the following form
Lij = (XiPj −XjPi)
(
1− βP 2)−1 = (XiPj −XjPi) (1 + β~2∇2)−1
= (XiPj −XjPi)
{
1− β~2∇2 + β2~4∇4
+...+
−1(−2)(−3)...(−1− (n− 1))
n!
(β~2∇2)n
}
. (7)
This means that Eq. (6) is not only non-commutative but also non-local in space-coordinates. It is a remarkable
feature of this theory that, if, for example, we imagine to measure X and later Y this does not commute with the Y-X
measure sequence and they are related each others through a non-local derivative operator.
Now, it is worth to note that the whole deformations of standard quantum mechanics introduced above lead to new
extended Schro¨dinger equation. In standard quantum mechanics, H = i~ ddt dictates the time evolution dynamics.
Here the Unitary operator has an infinitesimal structure that is deformed to a non-linear functional:
U = 1− i Hdt
(1− (βP 2)a)s +O(dt
2)→ H = i~(1− (−~2β∇2)a)s d
dt
. (8)
3This does not violate unitarity, at the fixed point: the evolution operator U for a finite time t is
U = e
− iHt
~(1−(βP 2)a)s → U †U = UU † = 1 , (9)
having unitarity automatically guaranteed. From this definition we can also arrive to the extended Dyson series for
a time-dependent perturbative approach shown in our Appendix B.
The Schro¨dinger equation is extended to a new non-local differential equation compatible with Eq. (2) and Eq. (9):
HΨ =
[P 2
2m
+ V {X/(1− (−~2β∇2)a)s}
]
Ψ, (10)
→ i~dΨ
dt
=
1
(1 − (−~2β∇2)a)s
[
− (1 − (−~2β∇2)a)2s ~
2∇2
2m
+ V {X/(1− (−~2β∇2)a)s}
]
, (11)
→ i~dΨ
dt
= −(1− (−~2β∇2)a)s ~
2∇2
2m
Ψ+
1
(1− (−~2β∇2)a)s V {X/(1− (−~
2β∇2)a)s}Ψ .
In the case Ψ(x, t) = ψ(x)e−iEt/~, the Schro¨dinger equation would become a non-local time-independent one:
(1 − (−~2β∇2)a)s ~
2∇2ψ(x)
2m
+
1
(1− (−~2β∇2)a)s V {X/(1− (−~
2β∇2)a)s}ψ(x) = Eψ(x) . (12)
Eq. (2) implies that the kinetic term of the Hamiltonian H0 = P
2/2m is untouched. On the other hand, interaction
potentials are deformed from their dependence by X operators. It is worth to remind that ∇ = ∇XB 6= ∇X , as stated
above.
A generic central potential V = αrβ would be deformed as V = αrβ/(1− (βP 2)m)kβ . This can be reinterpreted as
a new energy dependent re-normalized coupling
αR = α(1 − (βP 2)a)−sβ . (13)
Conversely, in the case of the electric or the gravitational field, we would have β = −1 and therefore
αR = α(1 − (βP 2)a)s . (14)
This would suggest that the e.m and gravitational couplings would eventually flow to a U.V. fixed point when they
flow to zero and limP→β−1/2αR → 0.
Let us consider the deformation of the Klein-Gordon equation in the relativistic regime v ≃ c. In NLGUP considered
above this would read as
P 2 +m2 = E2 → (1− (−~2∇2)a)2sΨ+m2Ψ = 0 (c = 1) . (15)
From Klein-Gordon equation, we can obtain the Schro¨dinger equation by performing the non-relativistic limit as
follows:
Ψ = ψe−im0t/~(1−(βP
2)a)s , (c = 1) , (16)
v << 1→ |ψ˙| << 1 . (17)
Within Eqs. (16) and (17) assumptions, we obtain
Ψ˙ =
(
− im0
~(1− (βP 2)a)s
)
ψe−im0t/~(1−(βP
2)a)s , (18)
Ψ¨ =
(
− 2im0
~(1− (βP 2)a)s ψ˙ +
m20
~2(1 − (βP 2)a)2sψ
)
e−im0t/~(1−(βP
2)a)s , (19)
and inserting Eq. (19) into the modified Klein-Gordon equation, we obtain
(1− (βP 2)a)2s
(
− 2im0
~(1 − (βP 2)a)s ψ˙ +
m20
~2(1− (βP 2)a)2sψ
)
− (1 − (βP 2)a)2s∇2ψ −m20ψ = 0 , (20)
4and it is easy to see that mass terms m20 cancel each others and we obtain the modified Schro¨dinger equation for a
free-particle (V = 0) in Eq. (12).
It is also easy to extended the Dirac equation, from the modified definition of energy and momenta as
i(1− (−~2∇2)a)sγµ∂µΨ+m2Ψ = 0 , (21)
which is compatible with Schro¨dinger equation in the non-relativistic limit.
Finally, we can also extend the electromagnetic and gravitational waves equations as
(1− (−~2∇2)a)2sAµ = 0, (1− (−~2∇2)a)2shµν = 0. (22)
From the extended wave equations, the standard dispersion relations are modified as an effect of Lorentz invariance
deformation. Indeed, considering a standard wave solution Ψ = Ae−iEBt+ipBx and inserting it inside the K.G.
equation, we obtain, for a = 1 and s = 1 and zero mass,
E2B = c
2p2B + βp
4
B, v
2 = c2(1 + β p2B) . (23)
For a general NLGUP modification, we find the first correction as
v = c(1 + (s/2)(β p2B)
a) +O(p2B)
a+1 . (24)
Indeed, we do not see any obstruction in having arbitrary small rational number a, except experimental constrains.
If a = 1/2, the UV singularity in Eq.1 would correspond to a string in the complex Energy plane rather then a single
point, which would smell as introducing a new non-locality in scattering amplitudes.
3. CONCLUSION AND REMARKS
In this paper, we discussed a new class of non-linear GUP as an attempt to implement a minimal length in quantum
mechanics by extending the standard Heisenberg’s uncertainty relation. We shown that this class of NLGUP implies
that space-coordinates are non-commutative; the commutators are dependent by the angular momenta operators.
This is a new feature that, so far as we know, was never met in any other theories of non-commutative space-time.
Then, we found that NLGUP implies an extension of the Schro¨dinger, Klein-Gordon and Dirac equations including
new higher spatial derivative terms. Such a result reminds the Horˇava-Lishfitz theory [14], as a higher space-derivatives
extension of the lagrangian, without introducing any new time derivatives, i.e. without introducing any ghosts.
Another direct consequence is the modification of dispersion relations in vacuo with momentum-dependent correc-
tions to wave and particle speeds. Surely, this is a manifestation of a deformation of the Lorentz algebra. Therefore,
modified dispersion relations open intriguing phenomenological channels for this model, as a test of quantum mechanics
foundations and quantum gravity. Indeed tests of dispersion velocities of high energy gamma-rays from Gamma-Ray-
Bursts or Blazars were proposed by many authors as a possible new frontier of quantum gravity phenomenology
[15–23]. Therefore, Non-linear GUP strongly motivates tests of Lorentz deformations from future Very High Energy
Gamma-Rays detectors such as LHAASO [24], CTA [25] and HAWC [26]. In the case s = 1 and a = 1/2, Eq.24 can
be constrained up to 1/
√
β ≥ 1016GeV from current high energy neutrinos in IceCube [17].
Finally, we suspect that NLGUP can deform the Spin-Statistics of standard quantum mechanics, with possible
important implications in searches of Pauli Exclusion Principle Violations from Quantum gravity in underground
experiments [27–30].
Appendix A
Here, we show a more detailed proof of self-consistency of Non-linear GUPs with the deformation of the angular
momentum algebra as well as non-commutativity of space-coordinates. For formal simplicity, we will just consider
the case a = s = 1 as generalizations of it are easily understood. First, let us express the angular momenta algebra
just in terms of position and momenta operators:
[Li, Lj] = [ǫikℓXkPℓ, ǫjmnXmPn] = ǫikℓǫjmn[XkPℓ, XmPn]
= ǫikℓǫjmn
{
[Xk, Xm]PℓPn +Xm[Xk, Pn]Pℓ +Xk[Pℓ, Xm]Pn +XkXm[Pℓ, Pn]
}
. (25)
5Now, using Eq. (1), we obtain:
[Li, Lj] = ǫikℓǫjmn
{
2i~β
(1− βP 2)2 (PkXm − PmXk)PℓPn +Xm
i~δkn
1− βP 2Pℓ +Xk
−i~δℓm
1− βP 2Pn
}
=
2i~β
(1− βP 2)2
{
ǫikℓǫjmnPkXmPℓPn − ǫikℓǫjmnPmXkPℓPn
}
+
i~
1− βP 2
{
ǫikℓǫjmnδknXmPℓ − ǫikℓǫjmnδℓmXkPn
}
=
2i~β
(1− βP 2)2
{
ǫikℓǫjmnPk
(
PℓXm +
i~δℓm
1− βP 2
)
Pn − ǫikℓǫjmnPm
(
PnXk +
i~δkn
1− βP 2
)
Pℓ
}
+
i~
1− βP 2
{
− ǫiℓkǫjmnXmPℓ + ǫikℓǫjnℓXkPn
}
=
2i~β
(1− βP 2)2
{
ǫikℓǫjmnPkPℓXmPn +
i~ǫikℓǫjmnδℓmPkPn
1− βP 2 − ǫikℓǫjmnPmPnXkPℓ −
i~ǫikℓǫjmnδknPmPℓ
1− βP 2
}
+
i~
1− βP 2
{
− (δijδℓm − δimδjℓ)XmPℓ + (δijδkn − δinδjk)XkPn
}
, (26)
where the first and third sentences of the first bracket are equal to zero, due to the product of symmetric and
anti-symmetric arrays. Then, we can simplify if as
[Li, Lj] =
2i~β
(1 − βP 2)2
{
i~ǫikℓǫjmnδℓmPkPn
1− βP 2 −
i~ǫikℓǫjmnδknPmPℓ
1− βP 2
}
+
i~
1− βP 2
{
− δijδℓmXmPℓ + δimδjℓXmPℓ + δijδknXkPn − δinδjkXkPn
}
=
−2~2β
(1 − βP 2)3
{
− ǫikℓǫjnℓPkPn + ǫiℓkǫjmkPmPℓ
}
+
i~
1− βP 2
{
− δijXℓPℓ +XiPj +−δijXkPk −XiPj
}
=
−2~2β
(1 − βP 2)3
{
− (δijδkn − δinδkj)PkPn + (δijδℓm − δimδjℓ)PmPℓ
}
+
i~
1− βP 2 (XiPj −XjPi)
=
−2~2β
(1 − βP 2)3
{
− δijPkPk + PjPi + δijPℓPℓ − PiPi
}
+
i~
1− βP 2 (XiPj −XjPi) , (27)
Finally, Eq. (27) will lead to
[Li, Lj] =
i~
1− βP 2 (XiPj −XjPi) . (28)
Appendix B: Extended Dyson series
The easiest way to derive the time-ordered perturbation expansion is to use the S-operator in the following form
S = U(∞,−∞), (29)
where with the Hamiltonian in the form of H = H0 + V and in the presence of GUP (1)
U(τ, τ0) = exp
(
iH0τ
~ (1− (−~2β∇2)a)s
)
exp
(
iH(τ − τ0)
~ (1− (−~2β∇2)a)s
)
exp
( −iH0τ0
~ (1− (−~2β∇2)a)s
)
. (30)
Now, differentiating Eq. (30) with respect to τ gives the following differential equation
i~
(
1− (−~2β∇2)a)s ∂U(τ, τ0)
∂τ
= V (τ)U(τ, τ0), (31)
where
V (t) = exp
(
iH0t
~ (1− (−~2β∇2)a)s
)
V exp
( −iH0t
~ (1− (−~2β∇2)a)s
)
. (32)
6Now, Eq. (31) as well as the initial condition U(τ0, τ0) = 1 is obviously satisfied by the solution of the integral
equation as
U(τ, τ0) = 1− i
~ (1− (−~2β∇2)a)s
∫ τ
τ0
dtV (t)U(t, τ0). (33)
Iterating this integral equation, we obtain an expansion for U(τ, τ0) in powers of V
U(τ, τ0) = 1− i
~ (1− (−~2β∇2)a)s
∫ τ
τ0
dt1V (t1) +
(−i)2
~2 (1− (−~2β∇2)a)2s
∫ τ
τ0
dt1
∫ t1
τ0
dt2V (t1)V (t2)
+
(−i)3
~3 (1− (−~2β∇2)a)3s
∫ τ
τ0
dt1
∫ t1
τ0
dt2
∫ t2
τ0
dt3V (t1)V (t2)V (t3) + .... (34)
Now, if we set τ =∞ and τ0 = −∞, the perturbation expansion for the S-operator obtains as
S = 1− i
~ (1− (−~2β∇2)a)s
∫ ∞
−∞
dt1V (t1) +
(−i)2
~2 (1− (−~2β∇2)a)2s
∫ ∞
−∞
dt1
∫ t1
−∞
dt2V (t1)V (t2)
+
(−i)3
~3 (1− (−~2β∇2)a)3s
∫ ∞
−∞
dt1
∫ t1
−∞
dt2
∫ t2
−∞
dt3V (t1)V (t2)V (t3) + .... (35)
There is a way of rewriting Eq. (35) that proves very useful in carrying out manifestly Lorentz-invariant calculations.
Define the time- ordered product of any time-dependent operators as the product with factors arranged so that the
one with the latest time-argument is placed leftmost, the next-latest next to the leftmost, and so on. For instance,
T {V (t)} = V (t),
T {V (t1), V (t2)} = θ (t1 − t2)V (t1)V (t2) + θ (t2 − t1)V (t2)V (t1),
and so on, where θ(τ) is the step function, i.e.,
θ(τ) =
{
+1 τ > 0,
0 τ < 0.
The time-ordered product of n V s is a sum over all n! permutations of the V s, each of which gives the same integral
over all t1...tn. Hence, Eq. (35) can be written in the following form
S = 1 +
∞∑
n=1
(−i)n
~n (1− (−~2β∇2)a)sn n!
∫ ∞
−∞
dt1dt2...dtnT {V (t1)V (t2)...V (tn)}, (36)
which is called modified Dyson series.
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